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Abstract
We present a nonlinear mean-field model of the solar interior dynamics and dynamo, which reproduces
the observed cyclic variations of the global magnetic field of the Sun, as well as the differential rotation
and meridional circulation. Using this model, we explain, for the first time, the extended 22-year cycle
of the solar torsional oscillations, observed as propagation of zonal variations of the angular velocity
from high latitudes to the equator during the time equal to the full dynamo cycle. Our results show
that the torsional oscillations result from an overlay of dynamo waves propagating in the bulk of the
convection zone. The oscillations are driven by a combinations of magnetic field effects acting on
turbulent angular momentum transport the dynamo-induced variations of meridional circulation and
the large-scale Lorentz force. They are the primary drivers of the torsional oscillations, and provide
necessary conditions for the extended solar-cycle phenomenon.
1. INTRODUCTION
It is widely accepted that differential rotation is one of the most important causes of solar magnetic activity. In
the kinematic hydromagnetic dynamo regime, the differential rotation generates large-scale toroidal magnetic field by
stretching the poloidal magnetic field component, and the poloidal magnetic field is generated by helical turbulent
convection from the toroidal component (Parker 1955). In the nonlinear dynamical regime, the dynamo-generated
magnetic fields can affect the differential rotation as well as turbulent dynamo processes. Thus, observational evidences
of interaction of magnetic field and differential rotation can provide important constraints on theoretical models of
the solar dynamo. Since the discovery of zonal variations of the angular velocity (“torsional oscillations”) by Labonte
& Howard (1982) it was found that these variations represent a complicated wave-like pattern which consists of
alternating zones of accelerated and decelerated plasma flows (Snodgrass & Howard 1985; Altrock et al. 2008; Howe
et al. 2011). Ulrich (2001) found that the wave pattern consists of two oscillatory modes with the periods of 11 and 22
years. Torsional oscillations were linked to ephemeral active regions that emerge at high latitudes during the declining
phase of solar cycles, but represent magnetic field of the following cycle (Wilson et al. 1988). In addition, the torsional
oscillations were linked to the migrating pattern of coronal green-line emission. These observational results led to the
concept of a 22-year long “extended solar cycle”(Altrock 1997).
Doppler measurements of the solar rotation by Ulrich (2001) and results of helioseismic inversion by Howe et al.
(2018) and Kosovichev & Pipin (2019) have demonstrated properties of the “extended” 22-year mode of the zonal flow
variations. In this mode, the zonal flow pattern drifts equatorward, starting at high latitudes nearly simultaneously
with activity of solar ephemeral active regions of a new solar cycle. The extended mode travels to the equator with
the period equal to the full solar magnetic cycle, i.e., about 22 year. In particular, analysis of helioseismology data for
almost two solar cycles by Kosovichev & Pipin (2019) revealed zones of deceleration of the torsional oscillations inside
the Sun due to dynamo-generated magnetic field. The zonal deceleration originates near the bottom of the convection
zone at high latitudes, and migrates to the surface corresponding to magnetic dynamo waves predicted by the Parker’s
dynamo theory.
Theoretical models suggest that the 11-year torsional oscillation mode can be naturally explained by the action
of the Lorentz force of the dynamo-generated magnetic fields. Malkus & Proctor (1975) showed that the Lorentz
force affects efficiency of the dynamo process, and Yoshimura (1981) suggested the first non-kinematic dynamo model
with the torsional oscillations. The dynamo period is about as twice as long the 11-year mode of the zonal flow
variations. Therefore, this mode can be naturally explained as a result of action of the Lorentz force which is induced
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2by dynamo-generated magnetic field of large and small scales (Ruediger 1989; Ruediger & Kichatinov 1990). Other
suggested mechanisms are related to magnetic perturbation of the Taylor-Proudman balance, and effects of magnetic
fields on the heat transport in the solar convection zone (Rempel 2006). Mean-field dynamo models (e.g. Kueker
et al. 1996; Rempel 2006; Pipin 2018), and 3D MHD numerical simulations (e.g. Beaudoin et al. 2013; Guerrero et al.
2016a) showed 11-year zonal variations of differential rotation. However, these models did not reproduce the observed
time-latitude diagrams of the torsional oscillations.
In this paper, we present a non-linear mean-field model of the solar dynamo coupled with large-scale dynamics,
which explains the extended mode of the torsional oscillations as well as other properties observed on the solar surface
and in the convection zone. The model reproduces well-known properties of the solar dynamo waves that show the
extended-cycle mode (Stenflo & Guedel 1988). We extend analysis of the nonlinear dynamo model (Pipin 2018) that
includes effects of the dynamo-generated magnetic field on the angular momentum and heat transport in the solar
convection zone. In particular, we discuss the non-dissipative angular momentum flux that is generated by the large-
scale magnetic field. In the mean-field hydrodynamics, the non-dissipative angular momentum fluxes are parametrized
by the Λ-effect tensor (Kitchatinov & Rudiger 1993). Theoretically, it was predicted that the large-scale magnetic
field produces additional components of the Λ-effect, which can induce the differential rotation (Kichatinov 1988;
Kitchatinov et al. 1994; Kueker et al. 1996). This effect was confirmed by numerical simulations of Ka¨pyla¨ (2019).
We show that the observed extended mode of the solar torsional oscillations can result from effects of the extended
dynamo mode on the turbulent angular momentum transport. In a nonlinear regime, the torsional oscillation pattern
is determined by a balance between the magnetically induced torque and the angular momentum flux caused by
variations of the meridional circulation. It is found that small-scale Maxwell stresses, which arise from perturbations
of the large-scale field by turbulence, affect how close the torsional oscillations propagate towards the equator during
the activity cycles.
2. BASIC EQUATIONS.
2.1. The heat transport and angular momentum balance
We employ the standard evolutionary model of the solar thermodynamic structure, which is calculated using the
MESA code (Paxton et al. 2011, 2013). The convective turnover time τc, determined from the MESA code as a
function of radius, is assumed to be independent of time. The RMS of convective velocity, uc, is calculated in the
mixing-length approximations from the gradient of mean entropy, s,
uc =
`c
2
√
− g
2cp
∂s
∂r
,
where `c = αMLTHp is the mixing length, αMLT = 2 is the mixing-length theory parameter, and Hp is the pressure
scale height. The mean-field equation for heat transport is described by the energy conservation law, and takes into
account effects of rotation and magnetic field (Pipin & Kitchatinov 2000):
ρT
(
∂s
∂t
+
(
U ·∇) s) = −∇ · (Fc + Fr)− Tˆij ∂U i
∂rj
− E · (∇×B) , (1)
where Tˆ is the turbulent stress tensor that includes small-scale fluctuations of velocity and magnetic field:
Tˆij = uiuj − 1
4piρ
(
bibj − 1
2
δijb2
)
, (2)
u and b are the turbulent fluctuating velocity and magnetic field, respectively. Other quantities in Eq.(1) include the
mean electromotive force, E = 〈u× b〉, ρ is the mean density, T - the mean temperature, Fc - the eddy convective
flux, and Fr is the radiative flux. For calculation of Tˆ, E and Fc, we employ analytical results which were obtained
earlier using the mean-field magnetohydrodynamics framework. These results take into account effects of the global
rotation and magnetic field on turbulence. Some important details and references are given below and in Appendix.
The magnitude of Tˆ, E and Fc in Eq.(1) depends on the RMS of the convective velocity, uc, efficiency of the
Coriolis force, and the strength of the large-scale magnetic field. The effect of the Coriolis force is determined by
parameter Ω∗ = 2Ω0τc, where τc is the convective turnover time. We assume that the characteristic solar rotation
rate corresponds to the rotation rate of the tachocline at 30◦ latitude, i.e., Ω0/2pi = 430nHz (Kosovichev et al. 1997).
Influence of large-scale magnetic field on convective turbulence is determined by parameter β =
∣∣B∣∣ /√4piρuc2.
3For the anisotropic convective flux, we employ the expression suggested by Kitchatinov et al. (1994):
Fci = −ρTχij∇js. (3)
Further details about dependence of the eddy conductivity tensor χij on the global rotation and large-scale magnetic
field are given in Appendix.
For the angular momentum balance, we use the model recently developed by Pipin (2018). The model describes
evolution of the mean axisymmetric velocity: U = U
m
+ r sin θΩφˆ, where φˆ is the azimuthal unit vector, and U
m
is
the meridional circulation velocity. We employ the anelastic approximation. Conservation of the angular momentum
determines distribution of the angular velocity inside the convection zone:
∂
∂t
ρr2 sin2 θΩ =−∇·
(
r sin θρ
(
Tˆφ + r sin θΩU
m
))
(4)
+∇·
(
r sin θ
BBφ
4pi
)
.
The meridional circulation is determined from equation for the azimuthal component of large-scale vorticity, ω =
(
∇×Um
)
φ
:
∂ω
∂t
=r sin θ∇ ·
(
φˆ×∇·ρTˆ
rρ sin θ
− U
m
ω
r sin θ
)
(5)
+ r sin θ
∂Ω2
∂z
− g
cpr
∂s
∂θ
+ F
(p)
L
F
(p)
L =
1
4piρ
(
B·∇) (∇×B)
φ
− 1
4piρ
((∇×B) ·∇)Bφ
+
1
ρ2
[
∇ρ×
(
∇B
2
8pi
−
(
B·∇)B
4pi
)]
φ
where ∂/∂z = cos θ∂/∂r− sin θ/r · ∂/∂θ is the gradient along the axis of rotation. The first line in Eq.(5) describes
dissipation and advection of the large-scale vorticity and meridional circulation; the second line describes effects of the
centrifugal force, the thermal wind, and the poloidal component of the large-scale magnetic field Lorentz force, F
(p)
L .
Both, the eddy conductivity and viscosity, are determined from the mixing-length theory:
χT =
`2
6
√
− g
2cp
∂s
∂r
,
νT = PrTχT ,
where PrT is the turbulent Prandtl number. It is assumed that PrT = 1.
The described model of the mean-field heat transport and angular momentum balance follows the line of work of
Kitchatinov et al. (1994). In terms of the original theory of the Λ-effect, the model reproduces results of Kitchatinov
& Ru¨diger (2005) and Kitchatinov & Olemskoy (2011). In this case, the mean-field model reproduces the solar-like
differential rotation profile with one meridional circulation cell per hemisphere. The multi-cell meridional circulation
structure is reproduced when inversion of the Λ-effect radial profile in the solar convection zone is taken into account
(Bekki & Yokoyama 2017). This effect can result from radial inhomogeneity of the convective turnover time, τc (Pipin
& Kosovichev 2018). In our model, it is determined in the mixing-length approximation, τc = `c/uc. According to
the convection zone properties given by the MESA code, τc increases sharply towards the bottom of convection zone.
This effect results in a strong second meridional circulation cell (Pipin & Kosovichev 2018). The helioseismology
results are still contradictory about the strength and parameters of the meridional circulation near the bottom of the
convection zone. To control the effect we, similarly to Kitchatinov & Nepomnyashchikh (2017), smooth variations of
the mixing-length parameter, `c, using the following ansatz :
`c = `min +
1
2
(
`(0)c − `min
)[
1 + erf
(
r − (rb + `min)
Rd
)]
, (6)
where `
(0)
c is the mixing-length parameter from the MESA code, rb = 0.728R is the radius of the bottom of the
convection zone, d = 0.02. We use `min as a control parameter to model saturation of the τc variations in the Λ-tensor.
For `min ≤ 0.01R, we obtain solutions with the double cell meridional circulation structure. In another development
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Figure 1. The angular velocity and meridional circulation distributions for the models specified in Table 1: a) model M1; b)
model M2; c) radial profiles of the angular velocity at 0, 30 and 60 degrees latitudes (black for model M1, red for M2); d)
profiles of the radial shear for the same set latitudes; e) radial profiles of the meridional circulation velocity at latitude 45◦; f)
radial profiles of the isotropic parts of the eddy viscosity and eddy diffusivity.
of the models of Pipin & Kosovichev (2018) and Pipin (2018), we add the tachocline. Similarly to Rempel (2006), we
use a phenomenological approach to model the angular velocity profile in the tachocline. Within the tachocline layer,
we solve Eq.(4) assuming continuity of the stress and angular velocity at the bottom of the convection zone and the
solid body rotation state of the radiative zone at inner boundary, rt = 0.698R.
The position of the inner boundary is chosen to satisfy the helioseimology observation for the shear magnitude
within the tachocline (Kosovichev 1996). The turbulent parameters below the convection zone are defined following
the results of Freytag & Steffen (1999), also see Paxton et al. (2011). We apply an exponential decrease of all turbulent
coefficients (except the eddy viscosity and eddy diffusivity) with decrement -100, i.e., they are multiplied by a factor of
exp (−100z/R), where z is the distance from the bottom of the convection zone. We keep the eddy viscosity and eddy
diffusivity finite at the bottom of the tachocline, i.e., for the eddy viscosity coefficient profile within the tachocline we
put
ν
(t)
T =
ν
(c)
T(
ν
(0)
T + ν
(c)
T
) (ν(0)T + ν(c)T exp (−100z)) , (7)
where ν
(c)
T is the value at the bottom of the convection zone, ν
(0)
T is the value inside the tachocline, z is the distance
from the bottom of the convection zone. We use ν
(c)
T /ν
(0)
T = 20 in the model. The same parametrization is used for
the eddy diffusivity.
Figure 1 shows the global hydrodynamic models M1 and M2 (Table 1) with two and one circulation cells along the
radius in the solar convection zone. We see that our models may have some disagreement with the angular velocity
profile obtained by helioseismology at high latitudes.
Earlier (see, e.g. Kichatinov 1988; Kueker et al. 1996), it was found that the magnetically induced Λ effect can be
important for generation of the torsional oscillations. Note that the non-diffusive flux of angular momentum can be
parametrized as follows:
Tˆ
(Λ)
rφ = ΛV Ω sin θ,
ΛV = νT
(
V (0) + sin2 θV (1)
)
, (8)
Tˆ
(Λ)
θφ = ΛHΩ cos θ,
5ΛH = νT
(
H(0) + sin2 θH(1)
)
(9)
TheH(0) term results from small-scale Maxwell stresses bθbφ/4piρ, arising from perturbations of the large-scale magnetic
field by turbulence. This effect was calculated analytically in the above cited papers. It was found that H(0) can be
represented as the sum of two contributions,
H(0) = H(0,a) +H(0,ρ), (10)
where H(0,a) stems from anisotropy of convective turbulence (Kichatinov 1988), and H(0,ρ) results from the density
stratification (Kueker et al. 1996; Pipin 1999). Unlike V (0,1) and H(1), contributions H(0,a) and H(0,ρ) grow with
the increase of energy of the large-scale magnetic field when the field is weak, β < 1. In the standard theory of
Kichatinov (1988), Kueker et al. (1996) and (Pipin 1999), the signs of H(0,a) and H(0,ρ) are opposite. However, the
radial inhomogeneity of the convective turnover time can results in a sign inversion of H(0,ρ). The further theoretical
details are given in Appendix.
2.2. Dynamo model
Evolution of the large-scale axisymmetric magnetic field, B, is governed the mean-field induction equation (Krause
& Ra¨dler 1980),
∂tB =∇×
(E + U×B), (11)
where E = 〈u× b〉 is the mean electromotive force with u and b standing for fluctuating turbulent velocity and
magnetic field respectively. We employ the mean electromotive force in the form:
Ei = (αij + γij)Bj − ηijk∇jBk. (12)
where symmetric tensor αij models generation of the large-scale magnetic field by the α-effect; antisymmetric tensor γij
controls the mean drift of the large-scale magnetic fields in turbulent medium; the tensor ηijk governs the anisotropic
turbulent diffusion. The reader can find further details about the dynamo model in Pipin (2018).
The anisotropic diffusion plays a particular important role in our model because it affects overlay of the magnetic
cycles, and the extended mode of the dynamo waves (Pipin & Kosovichev 2014). We employ the anisotropic diffusion
tensor following the formulation of Pipin (2008) and Pipin & Kosovichev (2014):
ηijk = 3ηT
{(
2f
(a)
1 − f (d)2
)
εijk + 2f
(a)
1
ΩiΩn
Ω2
εjnk
}
(13)
+ ηAφ1 (gngjεink − εijk)
where g is the radial unit vector, ηT is the magnetic diffusion coefficient, ηA = aηT , and a is a parameter of the
turbulence anisotropy. The quenching functions f
(a,d)
1,2 and φ1 are formulated by Pipin & Kosovichev (2014).
The α-effect takes into account kinetic and magnetic helicities in the following form:
αij = Cα
νT
PmT
ψα(β)α
(H)
ij + α
(M)
ij
χτc
4piρ`2
(14)
where Cα is a free parameter which controls the strength of the α-effect due to turbulent kinetic helicity; tensors α
(H)
ij
and α
(M)
ij express the kinetic and magnetic helicity parts of the α-effect, respectively; PmT = νT /ηT is the turbulent
magnetic Prandtl number, and χ = 〈a · b〉 (a and b are fluctuating parts of the magnetic field vector-potential and
magnetic field vector). Both the α
(H)
ij and the α
(M)
ij depend on the Coriolis number. Function ψα(β) controls the
so-called “algebraic” quenching of the α-effect where β =
∣∣B∣∣ /√4piρu2c , uc is the RMS of the convective velocity. It is
found that ψα(β) ∼ β−3 for β  1. The α-effect tensors, α(H)ij and α(M)ij , are given by Pipin (2018). Evolution of the
small-scale magnetic helicity, χ = 〈a · b〉, is governed by the magnetic helicity conservation law (Pipin & Kosovichev
2011a).
We assume that the large-scale magnetic field is vanished: B = 0, A = 0, at the bottom of tachocline; and that the
normal component of the magnetic field and the tangential components of the mean electromotive force are continuous
at the interface between the tachocline and the convection zone. Following ideas of Moss & Brandenburg (1992) and
Pipin & Kosovichev (2011b), we formulate the top boundary condition in the form that allows penetration of the
toroidal magnetic field to the surface:
δ
ηT
re
B
(
1 +
( |B|
Besq
)2)
+ (1− δ) Eθ = 0, (15)
6Table 1. Model parameters: ηA controls the anisotropic eddy diffusivity (see, Eq. 13); `min controls the number of meridional
circulation cells along the radius; columns δFU , δF`, δF
(t)
L , and δFH show the nonlinear and dynamic effects involved in the
angular momentum balance; contribution H(0,a) stems from anisotropy of convective turbulence, and H(0,ρ) results from the
density stratification (see the text).
Model ηA `min/R N Cells δFU δF` δF
(t)
L δFH
M1 0 0.02 1 Y Y Y H(0,a) +H(0,ρ)
M2 0 0.01 2 -/- -/- -/- H(0,a) +H(0,ρ)
M3 2ηT 0.01 1 -/- -/- -/- H
(0,a) +H(0,ρ)
M4 0 0.01 2 -/- -/- -/- H(0,ρ)
M5 0 -/- 2 -/- -/- -/- H(0,a)
M6 0 -/- 2 -/- -/- -/- 0
M7 0 -/- 2 N -/- -/- H(0,a) +H(0,ρ)
M8 0 -/- 2 Y Y N H(0,ρ)
M9 0 -/- 2 -/- N Y 0
where re = 0.99R, and parameter δ = 0.99 and Besq = 50G. The magnetic field potential outside the domain is
A(vac) (r, µ) =
∑
an
(re
r
)n√
1− µ2P 1n (µ) . (16)
Influence of magnetic field and meridional circulation on the angular velocity profiles can be characterized by the local
forces caused by magnetic feedback on the turbulent stresses, Tˆ. We introduce the following notations for components
of the force per unit mass:
FI =− 1
ρr sin θ
∇·
(
r sin θρTˆφ (B = 0)
)
(17)
F`=− 1
ρr sin θ
∇·
(
r sin θρ
{
Tˆφ − Tˆφ (B = 0)
})
, (18)
FΛ =− 1
ρr sin θ
∇·
(
r sin θρ
{
Tˆ
(Λ)
φ − Tˆ(Λ)φ (B = 0)
})
, (19)
FH =− 1
ρr sin θ
∇·
(
r sin θρTˆ
(Λ)
φ
(
H(0)
))
, (20)
F
(t)
L =
1
ρr sin θ
∇·
(
r sin θ
BBφ
4pi
)
, (21)
FU =− 1
ρr sin θ
∇·
(
r2 sin2 θρΩU
m
)
, (22)
Here, FI represents the hydrodynamic inertial force of the solar differential rotation. Contribution F` is caused by the
Maxwell stresses of the small-scale magnetic fields. This effect was computed analytically in the previous studies cited
above. Contribution FΛ stands for the magnetic quenching of the Λ-effect, and FH describes the dynamo-induced
latitudinal angular momentum flux by the Λ-effect. It is zero in absence of magnetic field. F
(t,p)
L stands for the large-
scale magnetic field azimuthal and poloidal forces, and FU is the azimuthal force due to the effect of the meridional
circulation.
All these forces vary during the dynamo cycle, and affect the dynamo-induced torsional oscillations. Below we
discuss properties of the stationary phase of the numerical solution. We consider deviations of the force components
from their mean values (time averages), e.g., δFI = FI − FI , δFU = FU − FU , etc. In addition, there is an effect of
variations of the entropy gradient because magnetic field affects the heat transport. Tt is connected to variations of the
meridional circulation and contributes to the nonlinear Taylor-Proudman balance (Durney 1999), which is established
in the quasi-stationary stage of the dynamo evolution.
3. RESULTS
Results of our numerical experiments show that there are two necessary conditions for excitation of the extended
mode of the torsional oscillations. The first one is the existence of the extended mode in the dynamo wave pattern
on the solar surface. The second one is magnetic feedback on the turbulent angular momentum flux. The feedback
is caused by the large-scale Lorentz force, δF
(t)
L , and the force associated with Maxwell stresses of the small-scale
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Figure 2. Model M1: a) Time-latitude diagram of the radial magnetic field at the surface (background image) and the mean
toroidal magnetic field in the subsurface shear layer r = 0.9 − 0.99R (contour lines are plotted in range of ±1kG (1kG value
- bold green line) with exponential decrease of magnitude to the low values of ±4G); b) time-latitude diagram of the torsional
oscillations (background image) at the surface; c) azimuthal density force from variations of the turbulent stress at the surface,
δF`; d) the same as c) for the large-scale Lorentz force, δF
(t)
L ; e) time-latitude diagram of the zonal flow acceleration (background
image) at the surface and the mean toroidal magnetic field within the subsurface shear layer (same as panel (a)); f) the same
as in panel (d) for the “inertial” forces, δFI ; g) the same as in panel (d) for the effect of the meridional flow, δFU ; h) the total
force at the surface, δFTOT = δF` + δFI + δF
(t)
L + δFU .
magnetic fields, δF`. These two contributions are the sources of the torsional oscillations. Their nonlinear balance
with the effect of meridional circulation, δFU , and the inertial force, δFI , provides the spatial-temporal distribution
of the torsional oscillations in the solar convection zone. In the following subsections we demonstrate effects of each
component separately.
Table 1 shows a set of our model runs. We use the same dynamo parameters as in our previous study (Pipin 2018).
They are PmT =
νT
ηT
= 10; the α-effect coefficient, Cα = 0.04; and the magnetic Reynolds number, Rm = 10
6. The
coefficient, Cα, is chosen about 5 percents above the dynamo threshold. The magnitude of the α-effect is about 1 m/s,
and it changes sign near the bottom of the convection zone from positive to negative in the northern hemisphere, and
from negative to positive in the southern hemisphere. The dynamo model includes a simplified implementation of the
tachocline region below the convection zone. The α-effect in this region is suppressed, and not involved in turbulent
generation of large-scale magnetic field (cf, e.g., Ruediger & Brandenburg 1995). The tachocline plays a role of storage
for the large-scale toroidal magnetic field, which penetrates from the convection zone. This increases efficiency of the
distributed dynamo operating the solar convection zone (Guerrero et al. 2016b).
Models M1 and M2 are fully nonlinear models for the case of one and two meridional circulations cells along the
radius in the northern and southern segments of the convection zone. These models shows the 22-yr extended dynamo
modes in evolution of the near surface toroidal magnetic fields. In model M3, we switch on the anisotropic eddy-
diffusivity parameter. It reduces the length of the extended dynamo modes and the subsequent cycle overlays. In this
model, we consider the one-cell meridional circulation case. In the other runs, we model the double-cell meridional
8a)
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Figure 3. The same as in Figure 2 for model M3.
circulation. Models M4, M5 and M6 are to study the dynamo induced Λ effect, H(0). In subsection 2.1, we discussed
two possible contributions to H(0): one, H(0,ρ), is due to the density stratification, and another, H(0,a), is due to
anisotropy of the background convection. These effects are studied in models M4 and M5, respectively. In model
M6, we switch off the H(0) effect. In model M7, we neglect the hydrodynamic feedback of the meridional circulation
variations on the angular momentum balance. Models M8 and M9 are to study effects of the large- and small-scale
Lorentz force on the torsional oscillations. Table 1 shows that in model M8 we neglect the large-scale Lorentz force,
F
(t)
L = 0, and in model M9 the small-scale Maxwell stresses are neglected, F` = 0.
We start from the general model that takes into account all these effects, and reproduces the extended mode of the
torsional oscillation.
3.1. Effect of the extended dynamo mode
In this subsection we consider effects of dynamo wave overlays on the surface pattern of torsional oscillations. Figure
2 shows results for the dynamo wave evolution in model M1 at the top boundary of the convection zone together with
the corresponding evolution of dynamo-induced zonal variations of the rotational velocity and zonal acceleration, as
well as contributions of the local forces. We see that the large-scale toroidal magnetic field in the model varies with
the magnitude of 1 kG. The dynamo waves of an activity cycle start at about 60◦ latitude, approximately 4-5 years
before the end of the previous activity cycle. The magnitude of the toroidal magnetic field at this latitude is about
4 G. The wave propagates toward the equator in ∼ 22 years. The polar and equatorial branches of the waves are
completely overlay in time. The radial magnetic field reveals the extended mode as well. Its evolution is in agreement
with the results of Stenflo & Guedel (1988) and Stenflo (2013).
The extended dynamo mode forces variations of the angular velocity and meridional circulation. It is seen in Fig. 2e
that the induced zonal acceleration is 1-2 m s−2, which is in agreement with the observational results of Kosovichev &
9M1
M3
YR
Figure 4. a) The time-latitude diagram of δFI + δFU (background image) for model M1, contour lines in the range of ±1kG
show the toroidal magnetic field in the subsurface layer (as in Figure 2a); b) the same properties for model M3.
Pipin (2019). However, the individual force contributions are by an order of magnitude stronger than their combined
action. Another interesting finding is that three components of the azimuthal force show the extended 22-year modes.
They are: the meridional circulation variations, δFU , the inertial force, δFI and the large-scale Lorentz force, δF
(t)
L .
The force components, δFU and δFI , are nearly in balance. The effect of magnetic field on the turbulent stress does
not show the extended cycle. However, the total force, δFTOT = δF` + δFI + δF
(t)
L + δFU , clearly shows the extended
mode (Fig. 2h). Its time-latitude pattern corresponds to the zonal acceleration evolution.
To demonstrate the role of the extended dynamo mode, we consider model M3 with anisotropy of the turbulent
eddy-diffusivity, following results of Pipin & Kosovichev (2014). This effect is controlled by parameter ηA, see Eq.(13).
In model M3, we put ηA = 2ηT . This decreases the overlay of the subsequent cycles. The corresponding surface
time-latitude diagrams are shown in Figure 3. The overlay of subsequent cycles in model M3 is shorter than in
model M1, and the torsional oscillation pattern between the cycles is interrupted. Variations of the azimuthal force
components are qualitatively similar in models M1 and M3. For example, the force component due to the meridional
circulation variations, δFU (Figure 3e), has the extended mode, and it varies similarly to model M1. Figure 4 shows the
hydrodynamic forces δFI+δFU and the azimuthal force that is caused by the sum of the small- and large-scale Maxwell
stresses, i.e., δF
(t)
L + δF`. In both models, the time-latitude pattern of δFI + δFU follows closely each other being
opposite in sign to the large- and small-scale Lorentz forces, δF
(t)
L +δF`. We see that the decrease of the dynamo-cycle
overlay breaks the continuity of phase evolution in the balance of forces driving the torsional oscillations. In model
M3, the torsional oscillations look similar to a steady wave pattern.
Model M2 reproduces the double-cell meridional circulation by taking into account the inversion of the Λ-effect
radial profile. The dynamo parameters are the same as in model M1. Figure 5 shows the dynamo wave evolution at
the top boundary, which is similar to model M1. We see that the double-cell meridional circulation has no profound
effect on the time-latitude evolution of the dynamo wave and on the torsional oscillation pattern at the surface. This
is also the case for the evolution of magnetic field and zonal flow variations inside the convection zone. Figure 6 shows
the time-radius diagrams for four latitudes, from 15◦ to 60◦, for evolution of the large-scale magnetic field and flows in
model M2. The large-scale magnetic field migrates in two directions: upward in the main part of the convection zone,
and downward near the bottom of the convection zone and in the tachocline. Propagation of the torsional oscillations
is somewhat different because it is affected by the meridional circulation and effects of magnetic field on the local
angular momentum transport. At 60◦ latitude, the torsional oscillations propagate downward. At lower latitudes,
they propagate upward from the bottom of the convection zone, and form almost stationary oscillatory patterns in
the subsurface layer, the depth of which increases with the latitude decrease. These effects qualitatively correspond to
the results of our recent helioseismology analysis (Kosovichev & Pipin 2019).
Figures 7 shows the evolution of the large-scale magnetic field, flows and the dynamo-induced forces inside the
convection zone in model M1. The results for model M2 are very similar. Both models show the qualitatively similar
results despite the different meridional circulation structure in the convection zone. The dynamo wave propagation is
defined by the Parker-Yoshimura rule (Yoshimura 1975). The secondary deep clockwise meridional cell of magnitude
1 m/s is weak, and does not significantly affects the dynamo wave propagation in model M2. The maximum of the
toroidal magnetic field strength near the bottom of the convection zone is about 5 kG. The strength of the toroidal
magnetic field drops to about 1 kG at 0.9R. At low latitudes, the dynamo wave propagates to the equator, upward
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Figure 5. The same as Figure 2 for model M2 (with the double-cell meridional circulation).
15o
60o
45o
30o
YR YR
Figure 6. Left column shows time-radius diagrams for the toroidal magnetic field evolution for model M2 (background images,
in [G] units) for latitudes from 15◦ to 60◦, the radial magnetic field is shown by contours in the range of ±10G. The right
column shows the zonal acceleration (background images) and the azimuthal velocity variations (shown by contours in the range
of ±2 m/s.)
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Uϕ
δF H
δF L
Figure 7. Snapshots for a half of the model M1 dynamo cycle of: a) the toroidal magnetic field (background image) and
streamlines of the poloidal field (contours); b) variations of the zonal acceleration (background image) and the azimuthal force
caused by variations of the meridional circulation, δFU , (contour lines are plotted in the range ±50 m/s2); c) variations of
the azimuthal velosity and contours show streamlines of the meridional circulation, dashed lines are for the counter clockwise
circulation; d) the azimuthal force caused by the dynamo-induced Λ-effect, δFH(0,ρ) (density stratification, background image),
δFH(0,a) (effect of anisotropy, contours are in the same range of magnitudes), see the Eqs (10) and (20); e) the same as in panel
(d) for δF
(t)
L (background image) and δF`(contours in the range of ±50 m/s2).
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in the upper part of the convection zone and downward in the tachocline. At high latitudes, there is a poleward
propagating branch, which has a rather weak signature at the surface. It is also seen in the time-latitude diagrams of
the toroidal magnetic field in the subsurface layers, (see, Figs 2 and 5).
The dynamo induced feedback on the turbulent transport, which is expressed as the sum of the azimuthal forces:
F
(t)
` +FI , is significant at low latitudes, where it follows of the dynamo wave of the toroidal magnetic field. Therefore,
the zonal acceleration pattern follows the dynamo-induced forces (Figs 7). These nonlinear dynamo effects are con-
centrated close to the surface. In both models, M1 and M2, the direction of propagation of the torsional oscillations
at high and low latitudes is opposite. A new dynamo cycle starts at the bottom of the convection zone at the time
when the high-latitude zonal acceleration wave, which is excited during the cycle maximum near the surface (e.g., at
5.4 Yr in Fig. 7a,b) reaches to the bottom of the convection zone (e.g., at 1 Yr in Fig. 7a,b). The radial propagation of
the torsional oscillations at high latitudes is controlled by the meridional circulation. It varies during the solar cycle
due to variations of the angular velocity and the magnetic effects on the heat transport. Variations of the meridional
circulation in both models, M1 and M2, are small, ∼ 0.5 m/s. The effect of these variations on the angular momentum
balance, via term FU ∼∇·
(
r2 sin2 θρΩδU
m
)
is the largest among the forces given by Eqs (17-22). The impact of this
term on the torsional oscillations was, perhaps, underestimated in the previous studies (cf, Rempel 2006). As we have
noted, the magnitude of this force is significantly greater than the dynamo-induced acceleration of the azimuthal flows.
Therefore, all dynamo-induced forces are in a subtle balance. Figure 7c shows that the dynamo process induces a local
circulation cell in the region of the toroidal field maximum near the bottom of the convection zone. The amplitude of
this cell is about 0.5 m/s. It periodically drifts toward equator. A similar effect exists in model M2 where it causes a
periodical modulation of the bottom meridional cell. The modulation of the upper cell is less pronounced because it
has higher velocity.
3.2. The magnetically induced Λ-effect vs the large-scale Lorentz force
Comparison of Figures 7b,d and e shows that in model M1 the surface acceleration pattern follows the azimuthal force
which is induced by the magnetic feedback on the turbulent angular momentum transport, i.e., δF`. The amplitude
of the zonal acceleration roughly corresponds to the amplitude, H(0), of the dynamo-induced Λ-effect. It is seen
that contributions of the density stratification and anisotropy of the background turbulence (terms H(0,ρ) and H(0,a)
respectively) are opposite. Also, the amplitude of H(0,a) decreases strongly with the depth of the convection zone and
mostly concentrates near the surface. The H(0,ρ) component follows the toroidal magnetic field strength distribution.
In variations of δF`, the contribution of H
(0,ρ) dominates H(0,a) during the growth and decay of the dynamo wave in
the deep convection zone. During the solar maxima, the situation is opposite: H(0,a) reaches the maximum magnitude
in the near-surface layer. The results of model M1 show that the large-scale Lorentz force, δF
(t)
L , drives the zonal flow
acceleration in the middle of the convection zone. Results for model M2 are qualitatively similar to model M1.
To study the interplay of the magnetically induced Λ-effect and the large-scale Lorentz force in driving the torsional
oscillations, we calculated a series of models by turning off and on various force components. Some of these models
are listed in Table 1: M4 (with H(0,ρ)), M5 (with H(0,a)), M6 (no H(0)), M8 (no FL) and M9 (no Fl). Results for
models M5 and M6 are qualitatively similar. This means that in the subsurface layer, where H(0,a) is high, its effect
is qualitatively similar to magnetic quenching of the eddy-viscosity and the Λ-effect coefficients, V (0,1) and H(1). The
latter mechanism is usually called the Λ-quenching (Kitchatinov et al. 1994).
In these runs, it is found that the magnetic Λ-effect affects the near-surface equator-ward propagation of the torsional
oscillations, while the large-scale Lorentz force produces the global effect by maintaining the extended dynamo mode
through the balk of the convection zone via a nonlinear balance with the azimuthal force induced by the meridional
circulation variations. This conclusion is best illustrated by models M4, M8 and M9.
Figure 8 compares the surface time-latitude diagrams and the time-radius diagrams at 45◦ latitude for models M4
and M8. Both models have the extended mode of the torsional oscillations. However, in model M8 the amplitude
of the torsional oscillations is not uniformly distributed over latitudes (same is true for models M5 and M6). It is
higher at low latitudes, and the maximum velocity of 4 m s−1 is reached at 20◦ latitude. Model M8 shows a decrease
of magnitude at mid and high latitudes. A similar behavior is found in models M5 and M6. Model M4 shows a more
uniform distributions of the torsional oscillation amplitude with latitude. In this model, the torsional wave propagates
very close to the solar equator, and the maximum magnitude of 3 m s−1 is achieved at 13◦ latitude. Interesting that in
model M8, in which the large-scale Lorentz force is neglected, the torsional waves propagate very close to the equator.
Results of model M8 for the near equatorial region are in the best agreement with observations among the all runs.
However, model M4 is the best match to the observations if we consider the whole range of latitudes.
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Figure 8. Left column shows results for model M4: a) the time-latitude diagram of variations of the meridional circulation
(background image) and the toroidal magnetic field in the subsurface layers (contours in the range from ±1kG to ±4G with an
exponential decrease of magnitude between the contours); b) variations of the zonal acceleration (background image) and zonal
velocity (contours in the range of ±2.5 m/s); c) the time-radius evolution of the torsional oscillations at 45◦ latitude. Right
column shows the same properties for model M8.
Figures 8c, 8f, 9 and 10 show that the connectivity of the torsional oscillation pattern through the mid latitudes is
provided by the large-scale Lorentz force. To prove this fact, we made a separate run, model M9, in which the torsional
oscillations are excited solely by the large-scale Lorentz force. In the stationary regime, the torsional oscillation pattern
is determined by the balance of the large-scale Lorentz force and the meridional circulation effect. These results are
shown in Figure 11. Model M9 show the extended mode of the torsional oscillations. However, these oscillations do
not propagate close to equator, and have the maximum magnitude at ∼ 20◦ latitude. Also, the phase delay between
the torsional oscillations and the dynamo cycle is too large in comparison with the solar observations. In this model,
this delay is about 5 years, while the solar observations show the value of about 2 years (Altrock et al. 2008; Howe
et al. 2011, 2018; Kosovichev & Pipin 2019).
In model M9, the total force balance is contributed by the sum of the large-scale Lorentz force, F
(t)
L , the nonlinear
forces due to the meridional circulation variations, FU , and the inertia force, FI . The latter is caused by F
(t)
L and
FU . According to the results for models M1 and M2 (see, Figs 7e) the large-scale Lorentz force has maxima in the
deep convection zone. In our nonlinear model, its effect on the surface is amplified via dynamical feedback due to the
meridional circulation variations (see, Figure 11e) and penetration of the toroidal magnetic field to the surface. It
works in the same direction as the magnetic quenching of the Λ-effect coefficients, V (0,1) and H(1).
We see that the dynamo-cycle variations of the meridional circulation are an essential ingredient of the mechanism
driving the torsional oscillations in the convection zone. In the solar-type models, these variations are concentrated
close to the boundaries of the dynamo domain (Brandenburg et al. 1992; Rempel 2006; Pipin 2018). This is because
deviations from the Taylor-Proudman balance are strongest at the boundaries (Kitchatinov & Olemskoy 2011). Fig-
ures 8a and 11a show the surface variations of the meridional circulation. They are qualitatively the same in all
our models because of the similarity of the dynamo wave patterns in the models. At the surface, variations of the
meridional circulation velocity follow the dynamo wave of the toroidal magnetic field. The magnitude of variations is
of ±0.5 m/s. At the equatorial side of the magnetic field butterfly diagram, we see a relative increase of the polarward
meridional flow velocity, while at the polar side this velocity is decreased. In other words, the model shows convergence
of the relative variations of the meridional circulation toward the maximum strength of the toroidal magnetic field in
the near-surface layer. This agrees with the observational results (e.g. Komm et al. 2015; Kosovichev & Zhao 2016).
The theoretical models predict that these variations are quenched strongly with depth (Rempel 2006; Pipin 2018).
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ϕ
Figure 9. The dynamo cycle snapshots of model M4: a) the toroidal magnetic field (background image) and streamlines of the
poloidal field (contours); b) variations of zonal acceleration (background image), the dynamo-induced azimuthal force density,
δF` + δFI , (contours are in the range ±50 m/s2).
a)
b) ∂U
ϕ
Figure 10. The same as in Fig. 9 for model M8
This is in agreement with the observations, as well.
3.3. Effect of dynamo-induced variations of meridional circulation
The dynamo-induced variations of meridional circulation play a significant role in the total force balance driving the
torsional oscillations. These variations are caused by perturbations of the Taylor-Proudman balance. Their effect on the
torsional oscillation results from the torque induced by the large-scale flows, −∇·
(
r sin θρUφU
m
)
, where Uφ = r sin θΩ,
and U
m
is the meridional circulation velocity. Generally,
∣∣Uφ∣∣  ∣∣∣Um∣∣∣. The dynamo-induced perturbations of the
angular velocity are of the same order of magnitude as the perturbation of the meridional circulation. Therefore, the
leading term of the torque driving the torsional oscillations is given by −∇·
(
r sin θρUφδU
m
)
, where δU
m
is the
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Figure 11. Model M9: a) the time-latitude diagram of variations of the meridional circulation (background image, positive
values correspond to the flow velocity directed poleward) and the toroidal magnetic field in the subsurface layers (contours in
the range from ±1kG to ±4G with an exponential decrease of magnitude between the contours); b) variations of the zonal
acceleration (background image) and zonal velocity (contours in the range of ±2.5 m/s); c) the time-radius evolution of the
torsional oscillations at 45◦ latitude; d) a snapshots of the magnetic field distribution for the beginning phase of the dynamo cycle;
e) corresponding variations of the zonal acceleration (background image) and the dynamo-induced azimuthal force, δF
(t)
L + δFI
(contour lines).
dynamo-induced perturbation of the meridional circulation. In the middle of the convection zone: δU
m ∼10 cm/s,
Uφ ∼ 2.5 km/s and ρ ∼ 0.01 g/cm3. Therefore, the energy of this perturbation is comparable with the energy of
the 1 kG magnetic field. To demonstrate the effect of meridional circulation variations on the torsional oscillations,
we freeze the meridional circulation structure corresponding to the steady state numerical solution without magnetic
field. This set up corresponds to our model M7.
Figure 12 shows the time-latitude diagrams of the torsional oscillations at the top boundary of the dynamo domain.
These results are similar to those from the previous work of Kueker et al. (1996); Pipin (1999) where the effect of the
meridional circulation was neglected. The torsional oscillation pattern does not show the extended mode in this case.
The magnitude of the zonal velocity is about 3 m/s the near equator and 0.5 m/s in the polar branch. Figure 13 shows
snapshots of the magnetic fields, the zonal acceleration and the dynamo-induced azimuthal force, F` + FI for a half
of the dynamo cycle. We choose the same phases of the cycle as in the previous cases. It is seen that the maximum
of the dynamo-induced azimuthal force corresponds to the toroidal magnetic field maximum inside the convection
zone. Moreover, there are no extrema of F` + FI at the top boundary unlike in all previously discussed models. This
model lacks the extended dynamo mode and agreement with solar observations. Therefore, we conclude that the
surface pattern of the solar torsional oscillations results from the nonlinear balance of the dynamo-induced azimuthal
magnetic and inertial forces, as well as the azimuthal force caused by the meridional circulation variations induced by
the dynamo action in the bulk of the convection zone.
Results of model M7, as well as other models, show a significant role of the meridional circulation variations in
formation of the torsional oscillations pattern. We made additional runs checking the origin of the meridional circulation
variations switching on/off different contributions in the equation for the azimuthal vorticity. It is found that both,
the poloidal component of the large-scale Lorentz force, F
(p)
L (see, Eq. (5)) and the magnetic quenching of the eddy-
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Figure 12. Model M7: a) time-latitude diagram of the radial magnetic field at the surface (background image) and the mean
toroidal magnetic field within the subsurface shear layer r = 0.90 − 0.99R (contours in the range from ±1 kG to ±4 G with
an exponential decrease of magnitude between the contours); b) time-latitude diagram of the torsional oscillations (background
image) at the surface.
a)
b)
Figure 13. The same as in Fig. 9 for model M7
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viscosity are not essential for reproducing the observed variations of the meridional circulation, and, thus, can be
neglected.
4. DISCUSSION AND CONCLUSIONS
Our paper addresses the origin of the solar torsional oscillations, and, in particular, its extended 22-year mode. We
presented a non-linear mean-field dynamo model that self-consistently describes the differential rotation and meridional
circulation, as well as the generation and transport of the large-scale magnetic field. For the first time, the model
explains the phenomenon of the extended solar cycle observed in the torsional oscillation pattern and coronal structure,
and reveals the balance of forces that drive the torsional oscillations.
The model is based on the mean-field magnetohydrodynamics theory of turbulent generation of large-scale magnetic
field, as well as turbulent heat and angular momentum transport. We employ the reference state computed from the
standard evolutionary model of the Sun, and use turbulent parameters of the convective RMS velocity to calculate the
mean-field non-diffusive turbulent effects and heat transport. The angular momentum transport in the convection zone
is affected by the large-scale Lorentz force and magnetic effects on the turbulent stress tensor, Tˆij = uiuj − bibj/4piρ.
The turbulent stresses cause generation and dissipation of the large-scale flows, see the Eq.(2). The dynamo-generated
magnetic field results in quenching of the turbulent angular momentum fluxes as well as of the non-dissipative angular
momentum flux, which in terms of the mean-field theory is described as the Λ-effect. In the case of the weak mean
field, its amplitude is proportional to B
2
. Our model describes the dynamo processes distributed in the convection
zone. Previously, it was argued that such type of distributed dynamo models provides satisfactory agreement with
solar and stellar observations (Pipin 2015; Brandenburg 2018; Viviani et al. 2018).
Previous models of the torsional oscillations were constructed by coupling the dynamo equations with equations of
the angular momentum transport (e.g. Malkus & Proctor 1975; Kueker et al. 1996; Tobias 1996; Pipin 1999; Covas et al.
2000). However, such models did not described the angular momentum flux induced by variations of the meridional
circulation. These variations naturally result from perturbations of the Taylor-Proudman balance, and are caused
by the dynamo-induced variations of the centrifugal force, variations of the “thermal wind” (associated with the
mean entropy gradient), magnetic quenching of the eddy-viscosity and the large-scale Lorentz force. Dynamo-induced
perturbations of the Taylor-Proudman balance in the framework of the mean-field theory were previously considered
by Brandenburg et al. (1992) and Rempel (2006). Therefore, the nonlinear consistent dynamo model should include
both, the differential rotation and the meridional circulation, as well as their variations.
We find two essential conditions that affect excitation of the extended mode of the torsional oscillations in the
large-scale dynamo operating in the bulk of the convection zone. They are as follows: a) the existence of the extended
mode in the dynamo wave pattern and overlay of subsequent activity cycles on the solar surface; b) the dynamo-cycle
variations of the meridional circulation. Condition (a) is related to the distribution of the dynamo process inside of
the convection zone. Our models show that the dynamo waves extent over the depth of the convection zone and over
latitudes from the equator to polar regions. This is different to the flux-transport models, where the dynamo wave
occupies only a particular range of depth, near and below the bottom of the convection zone (e.g. Choudhuri & Dikpati
1999; Rempel 2006). To demonstrate the importance of this condition we calculated a dynamo model that includes
effects of anisotropy of background convective flows on the eddy diffusivity in a parametric form (Pipin & Kosovichev
2014). This modification restricts the latitudinal extent of the dynamo wave, reduces the overlay of the subsequent
cycles, and results in disappearance the extended mode of the torsional oscillations.
The importance of condition (b) - the dynamo-induced variations of the meridional circulation - is demonstrated in
model M7, in which such variations were artificially suppressed. This led to disconnection of the torsional oscillations
at the bottom of the convection zone and the surface. The dynamo-induced azimuthal force, concentrated near extrema
of the dynamo wave, did not propagate close to the surface because the wave of the toroidal magnetic field is quenched
toward the top of the dynamo domain.
Therefore, we come to conclusion that a global connections between the dynamo-induced flows at the bottom and
top of the convection zone is essential for existence of the extended 22-year mode of the torsional oscillations. This
fact is suggested by the recent results of the helioseismology, as well (Kosovichev & Pipin 2019). Perturbations of the
meridional circulation are concentrated close to the boundaries of the dynamo domain. At low latitudes, this effect
amplifies the dynamo-induced flow variations that are coming from the deep convection zone. At high latitudes, the
large-scale Lorentz force and perturbations of the meridional circulation connect the torsional wave patterns through
the balk of the convection zone, initiating an inward propagating wave.
Analytical results of the mean-field theory show that the large-scale dynamo can affect the angular momentum
transport in several ways. One of them is magnetic quenching of the eddy-viscosity tensor coefficients (Kitchatinov
18
et al. 1994). It was found that the large-scale magnetic field can cause anisotropy of the eddy-viscosity tensor. This
effect has not been taken into account and should be considered for further development of the mean field models.
Other effects of the magnetic feedback on the turbulent stress tensor are described via the magnetic quenching of the
turbulent Λ-effect, and the dynamo-induced Λ-effect (the H(0) term) which was theoretically discovered long time ago
by Kichatinov (1988). The existence of this term was confirmed in the direct numerical simulations by Ka¨pyla¨ (2019).
In general, the magnetic feedback on the turbulent stress tensor is usually called as the Λ-quenching.
Results of our models show that the evolutionary pattern of the torsional waves can depend on the physics involved
in the Λ-quenching. In particular, theoretically it was found that there can be several turbulent mechanisms that
result in the H(0)-term describing the dynamo-induced Maxwell stresses −bibj/4piρ. One of them, H(0,a), is caused by
the anisotropy of background convective flows; another one, H(0,ρ), is due to the density stratification. These effects
have opposite signs. In addition, the H(0,a) term is relatively small in the deep regions. Therefore, the total effect is
different in the deep convection zone and in the near-surface layers. We find that at the beginning of magnetic cycles
the torsional oscillation wave is mostly determined by the density stratification contribution, H(0,ρ). At the solar cycle
maximum, when the dynamo wave is close to the surface, the contribution of H(0,a) controls the torsional wave.
The best agreement with observations is obtained in model M4 in which both effects, the Λ-quenching and the
large-scale Lorentz force, are taken into account. Model M4 shows the best results for the extended mode of the
torsional oscillations. In this model, at high latitudes of the Sun, the radial distribution of the torsional waves in
the convection zone is determined by the balance of the large-scale Lorentz force and the azimuthal force caused by
the meridional circulation perturbation. These forces initiate the torsional waves at high latitudes. The Λ-quenching
of the turbulent angular momentum flux promotes propagation of the torsional waves when the dynamo wave comes
closer to the equator.
The robustness of our conclusions depends on the radial distribution of the large-scale field, which determines the
zonal flow acceleration in the convection zone. Comparing results of our model with those from the recent paper by
Kosovichev & Pipin (2019), (e.g., with their Figure 2) we see that in our models the latitudinal width of the zonal flow
acceleration pattern is somewhat smaller than in the observations. At the mid latitudes, the models show the axially
aligned zonal flow acceleration patterns. The observations show a slightly different inclination of this pattern in the
meridional cut of the convection zone. The near-equatorial structure of the torsional oscillations is in agreement with
the observations. Our model has some other issues which is worth to consider in the future studies. One of the most
important issue is related to the differential rotation law in our model. In particular, the radial profile of the angular
velocity at high latitudes (see Figure 1) does not agree with the helioseismology data. The radial angular velocity
profiles in the standard mean-field model with one circulation cell is in a better agreement with helioseismology (cf,
Fig. 4 in Pipin & Kosovichev 2018). Also, the radial gradient of the rotational shear at the surface is about two times
smaller compared to observations of Barekat et al. (2016). We checked variations of the radial shear in the models, and
found that they are about an order of magnitude smaller than in the observations. This is likely because of insufficient
penetration of the toroidal magnetic field to the surface in our models.
Summing up, it is found the extended 22-yr mode of the solar torsional oscillations (zonal flow variations) can
be explained by effects of the distributed dynamo on the angular momentum balance and meridional circulation in
the solar convection zone. The latitudinal overlay of the subsequent dynamo waves provides the connectivity of the
zonal flow variations in their propagation from the high-latitude regions at the bottom of the convection zone to the
low-latitude surface regions. Both, the large-scale Lorentz force and the magnetic quenching of the turbulent angular
momentum transport, are the primary drivers of the torsional oscillations, and should be taken into account for the
best agreement of solar dynamo models with observations.
Valery Pipin conducted the study as a part of FR II.16 of ISTP SB RAS.Alexander Kosovichev was supported by
the NASA grants: NNX14AB7CG and NNX17AE76A.
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APPENDIX
A detailed description of the mean-field solar dynamo model, as well as the model for the angular momentum balance
and heat transport, can be found in our previous papers (Pipin 2018; Pipin & Kosovichev 2018). Here, we collect
analytical results on the magnetic field contribution to the Λ-effect. This contribution is a part of the turbulent stress
tensor
Tˆij =
(
〈uiuj〉 − 1
4piρ
(
〈bibj〉 − 1
2
δij
〈
b2
〉))
, (1)
where u and b are fluctuating velocity and magnetic fields. Application the mean-field hydrodynamic framework (see,
Kitchatinov et al. 1994; Kitchatinov & Ru¨diger 2005) leads to the Taylor expansion in terms of the scale-separation
parameter `/L:
Tˆij = Tˆ
(Λ)
ij + Tˆ
(ν)
ij (2)
= ΛijkΩk −Nijkl ∂Uk
∂rl
+ . . . (3)
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The non-diffusive flux of angular momentum Λ =
〈
u′φu
〉
can be expressed as follows (Ruediger 1989):
Tˆ
(Λ)
rφ = ΛV Ω sin θ,
ΛV = νT
(
V (0) + sin2 θV (1)
)
, (4)
Tˆ
(Λ)
θφ = ΛHΩ cos θ,
ΛH = νT
(
H(0) + sin2 θH(1)
)
(5)
In the previous papers, we discuss in detail the standard parts of this parametrization for coefficients V (0), V (1) and
H(1). It was shown that the analytical form of the Λ-effect coefficients becomes fairly complicated if we wish to account
for the multiple-cell meridional circulation structure. Also, results of Pipin & Kosovichev (2018) show that the spatial
derivative of the Coriolis number Ω∗ = 2Ω0τc, has to be taken into account.
In our nonlinear models, we take into account the effect of magnetic field (see, (Pipin 1999)), as well as the effect
of convective velocities anisotropy, which is important for modeling the subsurface shear layer (see, Kitchatinov &
Ru¨diger 2005). Therefore, the final coefficients of the Λ-tensor are:
V (0) =
[(αMLT
γ
)2
{J0 +J1 +a (I0 +I1)} (6)
−
(αMLT `
γ
∂
∂r
{(J0 + J1)− I5 + I6}+ `2 ∂
2
∂r2
(I1 − I2)
]
φ(I)χ (β) ,
V (1) =−
{(
αMLT
γ
)2
(J1 + aI1)− αMLT `
γ
∂
∂r
(J1 + I6)− `2 ∂
2
∂r2
I2
}
φ(I)χ (β) , (7)
and H(1) = −V (1). We introduce the anisotropy parameter, a = u
2
h − 2u2r
u2r
=2, where uh and ur are the horizontal
and vertical RMS velocities. Collecting results of Kitchatinov et al. (1994) and Kueker et al. (1996), we write the
coefficient, H(0,ρ), as follows:
H(0,ρ) =
τ2
〈
u′2
〉
ρ2
φH (β)
∂2
∂r2
(
ρ2J4
)
(8)
=
{
4
(
αMLT
γ
)2
J4 − 4αMLT `
γ
∂
∂r
J4 + `
2 ∂
2
∂r2
J4
}
φH (β) ,
where function J4 was defined by Kitchatinov et al. (1994), and the magnetic quenching function φH (β) was defined
by Pipin (2003):
φH =
1
β2
 2 + 3β2
2
√
(1 + β2)
3
− 1
 . (9)
The magnetically induced Λ-effect caused by the turbulence anisotropy was discussed by Kichatinov (1988). Following
his results, we define:
H(0,a) =
(
αMLT
γ
)2
aJH (β) J3 (Ω
∗) (10)
where
JH =
105
256β4
(
β2 − 37− 8
1 + β2
+
(
β4 + 6β2 + 45
) arctanβ
β
)
, (11)
J3 =
9
15Ω∗6
(
15 + Ω∗2 +
(
Ω∗4 − 6Ω∗2 − 15) arctan Ω∗
Ω∗
)
. (12)
